An approach to find the field equation solution of the Randall-Sundrum model with the S 1 /Z 2 extra axis is presented. We closely examine the infrared singularity. The vacuum is set by the 5 dimensional Higgs field. Both the domain-wall and the anti-domain-wall naturally appear, at the ends of the extra compact axis, by taking a new infrared regularization. The stability is guaranteed from the outset by the kink boundary condition. A continuous (infrared-)regularized solution, which is a truncated Fourier series of a discontinuous solution, is utilized.The ultraviolet-infrared relation appears in the leading order of the solution.
Introduction
As an approach to explain the mass hierarchy problem, the Randall-Sundrum (RS) model [1, 2] have been taking people's attention both from the phenomenology [3] and from the theory [4, 5] . The model has, in fact, some advantages compared with other approaches such as the Kaluza-Klein compactification [6, 7] and the (standard) renormalization group approach . The most characteristic point is its exponential damping factor (warp factor) which could have the possibility of naturally explaining the broadly-spreading mass hierarchy ranging from the cosmological constant (10 −41 GeV), through the weak physics (10 2 GeV), to the Planck mass (10 19 GeV). Furthermore the recent progress in the AdS/CFT correspondence [8, 9, 10] indicates the RS-model solution, which is a classical solution in the 5 dim AdS space-time, could be regarded as the renormalization trajectory in the 4 dim quantum solution.
We point out, however, an incomplete aspect in most approaches so far. They assume the δ-function or θ-function distribution from the outset as a form of the classical solution in order to make a ("infinitely-thin") wall configuration. Indeed it gives an easy "tool" to analyse the model in some limitted situation. It is, however, obscure from the standpoint of the soliton (kink) physics and does miss the important role of the "thickness" in the regularization standpoint. The configuration, considered in the RS-model, generally has a domain wall structure with some finite thickness which is determined by the vacua in the asymptotic regions (or the boundary conditions) and some parameters in the system. In some limitted configuration, the thickness approaches zero and the δ-function (or θ-function) appears as a well-regularized object.In such a way, we can understand the real meaning of the limit from the vacuum structure or the system parameters. This looks very important especially to understand the problem of the cosmological constant, which is the vacuum energy of the space-time. Needless to say, the system configuration should be derived by solving the field equation in a proper way. In some reference [11] , the thickness was introduced just by smearing the assumed δ-function. Such approach loses the real role of the thickness.
Motivated by the above things, an exact solution of the RS-model, for the one-wall case, has been presented [12] . The points are 1) the wall configuration is obtained as an exact kink solution of the classical field equation of the 5 dim AdS gravity; 2) the δ-function limit is specified by some parameters;
3) the vacua (asymptotic states), which are necessary to specify the kink, are introduced by the 5 dim bulk Higgs potential; 4) the stability of the solution is guaranteed by the boundary condition. It is well-known that the massless chiral fermion appears as a zero mode bound to the domain wall. In order to treat a non-chiral (vector) theory (such as QCD), we need the wall-antiwall configuration. We present a way to make the configuration from the above one-wall solution. The main focus here is to clarify some controversial point, that is, whether S 1 /Z 2 compactification is compatible with the wallanti-wall configuration. On the one hand, S 1 property requires the solution to be periodic with some finite periodicity in an extra axis. On the other, naive expectation implies its behavior in an asymptotic region (A) does not continuously connect with that (B) in their adjacent period as far as (A) and (B) are different vacua which is required for the soliton (kink) configuration. Clearly this is related to the stability problem and some close infrared treatment is necessary. We will conclude that the (stable) wall-anti-wall solution exists by taking a new infrared regularization proposed here.
We take the following 5D gravitational theory with 5D Higgs potential.
where X A (A = 0, 1, 2, 3, 4) is the 5D coordinates and we also use the notation (X A ) ≡ (x µ , y), µ = 0, 1, 2, 3. The coordinate X 4 = y is the extra axis which is taken to be a space coordinate. Φ is a 5D scalar field, G = det G AB ,R is the 5D Riemannian scalar curvature. M(> 0) is the 5D Planck mass and is regarded as the fundamental scale of this dimensional reduction scenario. V (Φ) is the Higgs potential and serves for preparing the (classical) vacuum in 5D world. The three parameters λ, v 0 and Λ in V (Φ) are called here vacuum parameters. λ(> 0) is a coupling, v 0 (> 0) is the Higgs field vacuum expectation value, and Λ is the 5D cosmological constant. See Fig.1 . It is later shown that the sign of Λ must be negative for the present domain wall configuration. The Einstein equation is given by 
Following Callan and Harvey [13] , we consider the case that Φ depends only on the extra coordinate y: Φ = Φ(y). Because M-dependence can be absorbed by a simple scaling
we may, for simplicity, take
We explicitly write M only when it is necessary.
Infinite Extra Axis and Its Compactification
We start with the following 5D metric [2, 12] .
where η µν = diag(−1, 1, 1, 1). In this choice, the 4D Poincaré invariance is preserved. The Weyl factor e −2σ(y) is called "warp factor" and is determined by the 5D Einstein equation. The extra axis taken here is an infinite real line R = (−∞, +∞). The coordinates (X A ) = (x µ , y) give one wall configuration by taking the boundary condition: Φ(y) → ±v 0 , y → ±∞ and there exists a family of exact solution [12] . Now let us move from the y-coordinate to another one z(See Fig.2) .
Mz . In the asymptotic regions |y| ≫ 1/M (or |z| ≈ r c /2), they differ significantly : z/r c ≈ ±( 
(When r c -dependence is required, it is easily obtained by the substitution z → z/r c . ) In terms of the new coordinate z, the line element (4) reduces to
are the points of the coordinate singularity . The Riemann scalar curvature is given by
and it turns out that there are no curvature singularities anywhere, for the solution we will consider. Let us consider the case the 5D Higgs field Φ(z) has the following boundary condition (Fig.3A) . 
±v 0 is the vacuum expectation value in the asymptotic region z → ±(
Extra Axis
In this section we move to the case where the extra axis is S 1 through the following procedure. If we can properly regularize the coordinate singularity at z = ± 1 2 in (7) (see the next section), the coordinate region − can be extended to R = (−∞, ∞) as follows.
1. We require the periodic boundary condition :
3. The universal covering space is taken to be the real number space : + Z (coordinate singularity, not the curvature singularity). The points correspond to y = ±∞ of the original coordinate, y. Φ(y = ±∞) are not defined in Sec.2. In (11) we have specified the present treatment of y = ±∞, and which should be regarded as a part of the present infrared regularization. 2 This specification turns out to be important in Sec. 4 .
We furthermore note that the translation invariance y → y + c in (4) reduces to the periodicity invariance (discrete version of the translation) z → z+1. (The situation is the same as the lattice regularization of the continuum space.) The lost of the translation freedom c is traded with the freedom of the coordinate choice r c . Φ(z) defined above has the properties:
We call these "Φ-properties".
At present, except for the coordinate-singularity points z = 1 2 + Z, the metric (7) is defined for z ∈ R = (−∞, ∞):
where F (z) = 1−4z 2 at this stage (soon redefined) and M = (µ, z). The Einstein equation (2) reduces to the following two coupled differential equations for Φ(z) and σ(z).
where
. In order to make the above equations periodic in z : z → z + 1, we must replace F (z) = 1 − 4z 2 by its "periodic generalization" 3 : F1 Continuous function of z. (15) . Horizontal axis: z.
F2 Piecewise smooth (F
We call these properties "F-properties". This process of replacing (1 − 4z (15) should be regarded as a part of the present (infrared) regularization.
For some later use, we present here the Fourier expansion of F (z).
This expression can be taken as the definition of F (z) instead of (15) . We can fix the asymptotic form of σ ′ (z) using (14) as follows. In this process of "periodic generalization", the boundary condition (9) is also generalized to be
(Note Φ(± 1 2 + Z) = 0 as introduced in (11).) We call the asymptotic regions {z|z → ±( 1 2 − 0) + Z} IR-regions and another regions {z|z → ±0 + Z} UV-regions. In the IR-regions, Φ ′ → 0 from the above equation, therefore σ ′ F (z) → constant from the second eq. of (14) . Furthermore, using the first equation, we obtain lim z→±(
. Here we notice Λ should be negative : Λ ≤ 0. From the first eq. of (14), we know
From the field equations (14) and the boundary conditions (17,18), we conclude Σ(z) and Φ(z) are odd functions of z. Hence we have Σ(z) = 0 and Φ(z) = 0 at z = 0 .
(This condition will be used to solve the field equations (14) 
It says the sign of Λ should be negative (anti de Sitter) and the absolute value has the upper bound: |Λ| ≤ − 0), the asymptotic behavior of the line element is given by, from (18),
which shows the singular points are event horizons because of
We come to the most important part of the present regularization. Before the presentation, we give here a mathematically well-known fact. The periodic step function θ(x) defined by
where n ∈ Z (see Fig.5 ). It has the following properties:
T2 Piecewise smooth.
T5 Symmetric with respect to the axes x = (± 1 2 + 2Z)ǫ (UV-IR symmetry).
These are similar to Φ-properties (for ǫ = ) except for Property T1 (the number of discontinuous points doubles) and Property T5 (UV-IR relation).
We call these properties "θ-properties". The periodic step function θ(x), which is discontinuous, has the following Fourier expansion.
(Compare the Fourier expansion of the continuous function F (z), (16) . Main changes are, 2l in F (z) is replaced by (2l + 1)/ǫ = 2(2l + 1) for ǫ = 1/2, and the coefficient (−1) l+1 /l 2 is by 1/(2l + 1). The discontinuous case is less convergent series than the continuous case. ) When we regularize (24) by the finite (L) sum,
then θ L (x) has the following new properties compared with θ(x):
TL1 Continuous everywhere x ∈ R = (−∞, ∞) (see Fig.5 ). Especially θ L (x ∈ ǫZ) = 0.
TL2 Smooth everywhere.
Other items 3,4 and 5 are the same as θ(x): TL3=T3, TL4=T4, TL5=T5. We call these properties "θ L -properties". This simple example characteristically shows that a discontinuous function can be naturally regularized by a continuous function by truncating the infinite Fourier series by a finite L sum. L is here regarded as an infrared regularization parameter. The continuousness is indispensable for a wall-configuration with finite thickness or for a well-defined regularization. The meaning of 1/L is the "thickness" of the walls or anti-walls of θ L ′ (x) at x = ǫZ. 4 The thickness here is purely a regularization effect. See Fig.5 . 4 In the "wall region" around the origin | . The same thing can be said about all "wall-regions" around x ∈ 2ǫZ and about all "anti-wall regions" around x ∈ ǫ(2Z + 1). It is well-known that, in these "wall and anti-wall regions" the truncated function θ L (x) most deviate from θ(x) because the neglected terms(high-frequency modes) begin to equally contribute with low-frequency ones (Gibbs's phenomenon). With the above fact in mind, we propose here a new regularization in order to treat the singularity at z = 1 2 + Z of the solutions in the previous section. First we know Φ(z) and Σ(z) = F (z)σ ′ behave like a periodic θ-function at some parameters limit ( the infinitely-thin wall limit).
5 Both satisfy the Φ-properties in Sec.3. Imitating (25) with ǫ = 1 2 , we take, as the leading order approximate solution of (14), the following forms for Φ(z) and Σ(z).
where c ′ s and d ′ s are some numbers to be determined appropriately and L is the new regularization parameter which should be taken sufficiently large. At present, the way to fix the coefficients, c ′ s and d ′ s, relies on a numerical method. (See App.B.1 for solving (14) numerically, and see App.B.2 for fixing the coefficients by the least square method.) As explained in App.C and the numerical results say the behavior of {d l } and {c l } has three "phases": i) 2l + 1 ≪ 1/(4πw U V ), ii) 2l + 1 ≈ 1/(4πw U V ), and iii) 2l + 1 ≫ 1/(4πw U V ), where w U V is the thickness around the UV regions (z ∼ Z). The critical value l = L * is given by the vacuum parameters:
where √ λv 0 2 is identified as the (5 dim) Higgs mass m H defined by m H 2 ≡ 1 2 V ′′ (v 0 ). The (length) scale w U V is an important quantity in the mass hierarchy problem.
6 These values L * and w U V are independent of the regularization parameter L. This point should be compared with the thickness appeared in θ L (x). The condition for the dimensional reduction, from 5 dim to 4 dim, is given by
5 The infinitely thin wall limit is given by λv 0 2 → +∞ (for a given v 0 and an appropriately chosen Λ). 6 This new mass scale L * /r c corresponds to the parameter k in the original RS model[1, 2].
In the present leading order solution (26), the UV-IR symmetry (i.e., symmetry w.r.t the axes z = ± 1 4 + Z) holds. Therefore another width w IR around the IR-regions (z ∼ 1 2 + Z) is the same as w U V .
w IR is protected against L(regulator) dependence, at least, at this leading order. (This should be compared with the θ L (x) case, where
. We consider the case that L * is large(L ≫ L * ≫ 1), that is, the solutions Φ(z) and Σ(z) are near the θ-function. The infinitely-thin wall limit (θ or δ-function distribution) corresponds to, in (26), the following case.
Taken into account the condition that the 5D classical Einstein equation works, that is, the new mass scale L * /r c should be much less than 5D Planck scale M, we should have the following relations between parameters.
We regard the above three parameters, M(fundamental scale),r c (compactification size) and L * (wall-thickness parameter), as the fundamental parameters of the theory.
The numerical results of (26) are given in the next section. (See App.B for further detail of the calculation.) The solution (26) is the "leading order" solution of (14), not an exact one . (How to find an exact solution perturbatively is proposed in Sec.6. In the practical and numerical point of view, the solution (26) is sufficiently close to the true solution.) It is, however, sufficient to claim the existence of the solution of (14) that has the wall-anti-wall (kink-anti-kink) configuration.
Final Numerical Result of S
In Fig.6,7 and 8, we plot three sample solutions of (26) corresponding to the following three vacua respectively. The configurations approach to the θ-function in the order of Vac.1, 2 and 3.
Note that the values of Λ are very finely chosen so that the boundary conditions (17) and (18) This shows the cosmological constant is, for a given λ and v 0 , dynamically treated in the present framework. Note that Λ is directly related with the 4 dim cosmological constant [12] . 8 In App.A, we give another result for Vac.1 with a different compactification coordinate.
The solutions of Σ(z) and Σ L (z) are similar to Φ(z) and Φ L (z). In Fig.9 , Σ(z) and Σ L (z) are plotted for the case of Vacuum 3. For each vacuum, Σ(z) is always closer to the θ-function limit than Φ(z).
The following items can be read from the above output data.
1. As the Higgs potential has deeper valleies, which corresponds to the case that the 5D Higgs mass (m H = √ λv 0 2 ) becomes larger, Φ and Σ approach the θ-function. All coefficients d l 's and c l 's are expected to approach 1 (the limit of (30)).
2. The wavy region, explained in (50), is not so clear in Vacuum 1-3, but can be seen in Vaccum 1w of App.A. 
horizontal axis is l. 
where Φ L (z) is given in Fig.8(Vacuum 3) . The horizontal axis is z.
Discussion and Conclusion
In the previous section, the leading order (numerical) solutions for the wallanti-wall configuration are given. S 1 /Z 2 compactification is just taking the segment [0, 1 2 ] for the periodic coordinate z with periodicity 1. The derivative of Φ L (z) of Vacuum 3 (Fig.8) is plotted in Fig.10 . Here we see the present approach surely gives the wall-anti-wall configuration. The walls appear at both ends of the extra axis, not at some middle points in the axis. The situation is the same as that in the lattice domain wall [16, 17] . We stress the points: 1) the anti-wall is realized by the present IR regularization where the discontinuity of Φ(z) and Σ(z) at the singular points ( 1 2 + Z) is avoided by truncating the infinite Fourier series; 2) the stability of the solution is guaranteed by the boundary conditions; 3) UV-IR symmetry is realized at the leading order. We need not the radiation field which was considered , for the stability, in [1] and was developed in [18] . (In the place of the radiation field, from eq. (7), the fixed function 4/(1 − 4z
2 ) 2 appears in the present scenario. )
The solution (26) cannot be exact (even when we take L = ∞) because one of its properties TL5=T5: symmetric with respect to z = , does not match with the solution except the θ-function limit. In order to find an exact solution, as done for the one-wall case [12] , we must generalize the form of solution (26) by replacing the constants d l and c l by z-dependent functions d l (z) and c l (z) in the following forms.
where [z n ] is the "periodic generalization" of z n ( in the same way as F (z) in Sec.3). (Compare with eq.(30) of [12] .) In the above we take only even powers of z in order to keep the odd function property ( P4 or TL4=T4). Note that the above generalization breaks the UV-IR symmetry (T5=TL5). Therefore the present solution, (26) with above generalization (35), can be regarded as the perturbation around the UV-IR symmetry limit and the breaking of perturbation is taken into account by the z-dependence in (35).
As for the key equations (26) and their generalization (35), we can understand them by a set of general properties. Let f (x) be a real function defined on x ∈ R = (−∞, ∞). If f (x) satisfy the following properties:
G1 Piecewise continuous everywhere. (UV-IR symmetry).
then, the general form can be written as
where {a l } are constants. If we replace the infinite sum by the finite sum L l=0 for the regularization, the word "piecewise" in the items G1 and G2 can always be removed. As a "deformation" of (36), at the cost of the item G5 (UV-IR symmetry), we can generalize the constants {a l } to
This generalization produces UV↔IR (Planck↔TeV) asymmetry. Since Hořava-Witten's paper [19] , S 1 /Z 2 compactification (Z 2 orbifold) becomes popular as a dimensional reduction procedure in the string inspired unified models. It gives essentially an wall at one end of the extra axis and the anti-wall at the other. The present infrared regularization serves as realizing the wall-anti-wall configuration. The Einstein equation (2) reduces to the same form as (14) but with a different F .
Compared with the case using the coordinate z, the above equations are straightforward to the generalization from w ∈ (− ) to w ∈ R = (−∞, ∞) because F 1 (w) is periodic w.r.t. w → w + 1. The properties of F 1 (w) is the same as those of F (z) except a slightly better situation in the point F2: smooth everywhere. All procedures in the text are valid for the coordinate w just by replacing F (z) by F 1 (w).
In Fig.12 , we give a sample result for Vacuum 1w (λ=20.0(input), v 0 = 1.0(input), Λ=-1.888810641, ω=1.122143972). It should be compared with Vacuum 1 in the text. The shape of the Higgs potential V (Φ) is almost same as that of Vacuum 1 (Fig.6 ), but that of Φ(z) is much closer to the θ-function. ( In accordance with this, more digits are required for the appropriate value of the cosmological constant Λ. ) The "wavy" behavior (App.C) is recognized in the plot of {d l }. The different choice of coordinate gives the different behaviors such as the sharpness of Φ (or the value of w U V ). [Below] The coefficients
(14) can be written as
where λ, v 0 and Λ are the vacuum parameters. F (z) is (1 − 4z 2 ) in the text (Sec.3), and (2/π)(cos πz) 2 in App.A. Due to the periodicity and the odd function property, we may focus on an region [0, ) of z and may take only the + sign in the first equation above. The above coupled differential equation about (Φ(z), Σ(z)) can be numerically solved, for a given vacuum parameters (λ, v 0 , Λ), by the Runge-Kutta method. As for the boundary condition we cannot take (17) and (18) . Instead of this condition in the IR (or asymptotic) region, we take
This is the condition in the UV (or non-asymptotic) region . Note that the above one is the necessary condition when we take the boundary condition (9) or the odd function property of Φ(z) and Σ(z) (see sentences around (20)). We take the following procedure to have a reliable result.
value Φ or Σ tends to be suppressed (or get imaginary ) when |Λ| increases, while it tends to increase ( or diverge) when |Λ| decreases The width of the wall ( or the initial slope ) can be controlled by λv 
Appendix B.2 : Least Square Fitting
We fit the solution obtained in the previous subsection by the proposed 0-th order formula (26). L should be taken appropriately large. The critical value L * , explained in App.C, can be roughly obtained by
Next we fix the coefficients d ′ s and c ′ s of (26). A standard way is to minimize the following quantity (Least square method). The right hand side of the above equations can be numerically evaluated using the numerical results of Φ(z) and Σ(z) in the previous subsection. The samples of {d l } are given in Fig.6-8 and Fig.12 , and {c l } are in Fig.9 . The critical value of l ≡ L * is given by
which is independent of the regularization parameter L. In Fig.14 and 15 , we plot the above result for (L, w)=(19,0.15) and (L, w)=(19,0.05) respectively.
